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This paper is a survey of the K-theoretic generalization of class field theory.

For a field K, let K2 be a maximal abelian extension of K, that is, the union
of all finite abelian extensions of K in a fixed algebraic closure of K. The classical
local (resp. global) class field theory says that if K is a finite extension of the
p-adic (resp. rational) number field Q, (resp. Q), the Galois group Gal(K?®"/K)
is approximated by the multiplicative group K* (resp. the idele class group Cg),
and via this approximation, we can obtain knowledge on abelian extensions of
K.

In §1 (resp. §2), we give a K-theoretic generalization of the classical local (resp.
global) class field theory. There finite extensions of Q, (resp. Q) are replaced by
“higher dimensional local fields” (resp. finitely generated fields over prime fields),
and the group KX (resp. Cx) is replaced by Milnor’s K-group KM (K) (resp. by
the KM-idele class group), where 7 is the “dimension” of K.

In §3, we discuss some other aspects of generalizations of local class field
theory.

In §4, we discuss generalizations of the classical ramification theory to higher
dimensional schemes.

1. Local Class Field Theory

An n-dimensional local field is defined inductively as follows. A 0-dimensional
local field is a finite field. For n > 1, an n-dimensional local field is a complete
discrete valuation field whose residue field is an (n — 1)-dimensional local field.
For example, a finite extension of Q, is a one dimensional local field.
For a field k, let KM (k) be Milnor’s K-group of k defined by

Ky' (k) = ((*)®1)/J

where J is the subgroup of the g-fold tensor product of k* (as a Z-module)
generaled by elements of the form a; ® ... ® a4 such that a; +a; = 1 for some
i # j. (Cf. Milnor [Mi].) The main result of the local class field theory of an
n-dimensional local field is the following (Parsin [Pa,], Kato [Ka;] II).
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Theorem 1. Let K be an n-dimensional local field. Then, there exists a canonical
homomorphism
0 : KM(K) — Gal(K™/K)

which induces an isomorphism KM(K)/Ny xKM(L) — Gal(L/K) for each finite
abelian extension L of K. Here Nk : KM(L) — KM(K) is the norm homomor-
phism ([Ka] IT 1.7). The correspondence L+ Ny xKM(L) is a bijection from the
set of all finite abelian extensions of K in a fixed algebraic closure of K onto the
set of all open subgroups of KM(K) of finite indices. (For the definition of the
openness of a subgroup of KM(K), see [Kay]).

2. Global Class Field Theory

Let X be a proper integral scheme over the ring of rational integers Z and let K
be the function field of X. For simplicity we assume here char(K) = 0 and that
K has no ordered field structure.

For a non-zero coherent ideal I of Ox and for q > 1, define the sheaf of
abelian groups KM(Ox, I) on Xz by

K¥(0x, I) = Ker(K} (0x) —> KM (0x/1))

where
' K} (0x) = ((0%)®9/J

with J the subgroup sheaf of the tensor product generated by local sections of
the form a; ® ... ® a, such that a; +a; = 1 for some i # j, and KQ”((DX/I) is
defined similarly. Define

Ci1(X) = H"(Xyar, KM (0x, I)), where n=dim(X).

If I and I’ are non-zero coherent ideals of @Oy, the inclusion I = I’ induces a
surjection C;(X) — Cp(X). The main result of the class field theory of K is the
following.

Theorem 2.1. (1) C;(X) is a finite group for any I.
(2) We have a canonical isomorphism of profinite abelian groups

fim C;00) = Gal(K**/K),
where I ranges over all non-zero coherent ideals of Ox.

(3) For a non-empty regular open subscheme U of X, there exists a canonical
isomorphism of profinite abelian groups

ﬁ(lgICI(X) >3 (U),
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where 1 ranges over all non-zero coherent ideals of Ox such that U N Spec(Ox /1) =
¢, and ©i®(U) is the quotient of the algebraic fundamental group n1(U) of U modulo
the closure of its commutator subgroup.

(4) If X is regular, then Cp,(X) is isomorphic to the group CHy(X) of the
classes of zero cycles on X modulo rational equivalence, and we have a canonical
isomorphism of finite abelian groups

CHy(X) = n?°(X).

An essential part of this theorem was proved by Bloch [Bl;] in the case
dim(X) = 2. Cf. also [Pa;] for the two dimensional case. The general case
was proved in [KSy] (see also S. Saito [SS;]) by using the method in Bloch
[Bl;], except that we adopted in [KS;] another definition of C,;(X) which uses

Nisnevich topology [Ni], a Grothendieck topology defined by Nisnevich [Ni]
(called the henselian topology in [KS,]), instead of Zariski topology. (C;(X) o

H"(Xnis, KM(0x, 1)) in [KS;].). It was found later that Nisnevich topology and
Zariski topology give the same C;(X) [KSs].

The relation of the above theorem with the classical global class field theory
is that if X = Spec(Ok) for a finite extension K of Q, then C;(X) coincides with
the ideal class group of conductor I of Ok.

The positive characteristic version of (4) of the above theorem is that if X is
a proper smooth variety over a finite field k, CHo(X)? = Ker(deg : CHo(X) — Z)
is finite and canonically isomorphic to Ker(n3°(X) — Gal(k®/k)). This fact was
proved in [KSi], and another proof was given in Colliot-Théléne, Sansuc and
Soule [CSS] and Gros [Gr]. That the former group surjects onto the latter was
proved long ago by Lang whose paper [Lan] is the first work on the higher
dimensional class field theory.

As an application of the generalized global class field theory, we have

Theorem 2.2. For any scheme S of finite type over Z, the abelian group CHy(S) is
of finite type.

The case dim(S) = 2 of this theorem was proved by Bloch [Bli], and the
general case was proved in [KS,].

Some finitetiess theorems on 72*(S) for arithmetic schemes S were proved in
Katz-Lang [KL].

3. Some Aspects of the Generalized Local Class Field Theory

I give rough indications on some aspects of generalizations of local class field
theory, which are not included in §1.
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3.1 Explicit Reciprocity Law

The explicit reciprocity law for a finite extension of Q, has been generalized to

higher dimensional local fields of mixed characteristic by Vostokov-Kirrilov [VK]

and Vostokov [V]. A generalization to complete discrete valuation fields of mixed

characteristic (0, p) with residue field F such that [F : F?] < co is given in [Kag],

as an application of the p-adic cohomology theory of Fontaine-Messing [FM].
Let K be “the most important two dimensional local field”

lim (Z/p"Z)[[qNlg ") ®z Q

where ¢ is the g-invariant in the theory of moduli of elliptic curves. This field
appears as a certain p-adic completion at infinity of a modular curve. As is
shown in [Kas], the explicit reciprocity laws of the two dimensional local fields
K (), where {p is a primitive p"-th root of 1, are related to the special values
of L-functions of elliptic modular forms and to an Iwasawa theory of elliptic
modular forms, just as the explicit reciprocity laws of Q,({,) are related to the
special values of Rigmann zeta function and to the classical Iwasawa theory.

3.2 Semi-Global Theories

The class field theory of curves over (usual) local fields was studied by Coombes
[Co] and S. Saito [SS;], and that of surfaces over local fields was studied recently
by S. Saito and Salberger.

The class field theory of complete discrete valuation fields whose residue fields
are (usual) global fields of positive characteristic was sought for first by Ihara
[Th], and studied by [Ka;] III.

The class field theory of two dimensional complete noetherian local rings with
finite residue fields (for example Z,,[[T]]) was studied by S. Saito [SSs].

3.3 Serre’s Local Class Field Theory

Serre’s local class field theory of a complete discrete valuation field with alge-
braically closed residue field [Se;], and its generalization by Hazewinkel to the
perfect residue field case [Ha], are generalized to the imperfect residue field case
as a'duality theotem of the following form: If K is a complete 'discrete valuation
field with residue field F such that char(F) p>0and [F : FP] = p" < oo, then
the Galois cohomologies '

(*) RI(K, Z/p"Z(s)) and RI(K,Z/p"Z(t)), s+t=r+1

are in perfect duality via the dualizing functor RHomz/an( Wnl2E 100 [r + 1].
Here the objects (*) and the logarithmic part of the de Rham-Witt sheaf W,Q}, log
([11]) are not regarded just as a complex of abelian groups or as objects on
the small etale site on Spec(F)e, but regarded as objects on a much bigger site.
(Precisely speaking, they are regarded as objects on the site of schemes S over
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F which are locally isomorphic to “relative perfections” ([Kas] I, II) of smooth
schemes over F, endowed with the etale topology.) The details of this duality
theorem are given in [Kas] ITL

For example, if F is an algebraically closed field, this duality and the inclusion

Uk/(Ux)" < K*/(K*)" = H'(K, Z/p"Z(1))

induces H'(K, Z/p"Z) = Ext!(Uk, Z/p"Z), where Uk is the unit group of K
which is not regarded just as a group, but regarded as a pro-algebraic group over
F. This reproduces the p-primary part (the essential part) of Serre’s local class
field theory

71 (Uk) = Gal(K*™/K).

4. Ramification Theory

In the classical ramification theory, we mainly consider a finite extension B/A of
discrete valuation rings with perfect residue fields. We have the following three
kinds of important invariants of ramification: The different 6(B/A4) € Z; in the
case of Galois extension with Galois group G, the Lefschetz numbers

i(c) =length(B/I,) € Z for o€ G—{1},

with I, the ideal of B generated by {a(b)—b ; b € B}; also in the Galois case, the
Artin (or Swan) conductors of representations of G. Is it possible to generalize
these invariants and relations between them such as

(*) SL/K)= ) i)

oceG—{1}

to higher dimensional schemes?

Concerning 6(B/A4) and i(c), Bloch obtained in [Bl;] a nice ramification
theory in higher dimensions, generalizing §(B/A4) and i(o) to zero cycle classes
on the ramification locus (i.e. to elements of CHy(E) where E is the ramification
locus). His projection formula [Bl,] (7.1) is an extension of (*) to two dimensional
schemes.

Concerning conductors, there are many different attempts of generalizations
(Deligne [De], Laumon [La], S. Saito [SS4], Berthelot [Be;, Be,]). In the following,
I only introduce my method on the conductors of one dimensional Galois repre-
sentations [Ka;] which is closely related to the generalized local class field theory.
I generalize, under the influence of Bloch’s theory [Bly], the Swan conductors to
zero cycle classes on the wild ramification locus in the two dimensional case (the
plan exists even for dimension > 3), and give applications Theorems (4.1)—(4.3).

Let X be an excellent connected normal scheme, U a regular dense open
subscheme of X, and let y : ni®(U) — A be a continuous homomorphism where
A is a discrete (commutative) ﬁeld We are interested in the wild ramification of y
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on X. We assume that the wild ramification locus E of y on X (with the reduced
scheme structure) is a disjoint union of schemes of finite type over perfect fields.
This condition is satisfied for example if X is of finite type over Z or over a
perfect field.

First, we have a divisor called “Swan conductor divisor” ([Kag]) sw(y) =
Zp swy(x) {p} on X ({p} denotes the closure of {p}), where p ranges over all
points of codimension one. The integer swy(x) has the following properties: (i)
If dim(X) = 1, it coincides with the classical Swan conductor of y at p. (ii)
swy(x) > 0 if and only if y is wildly ramified at p. Furthermore, if the following
condition

(C) X is regular and D = (X — U)yeq is a divisor with normal crossings on X,

we have a canonical global section
1sw(y) € I' (E, O ®qy, Qx(108(D)) ®0, Ox(sw(1)))

called the refined Swan conductor ([Kas] I). Here 2% (log(D)) is the Ox-module
on X defined by generators dlog(a) (a¢ € j.(0F) with j the inclusion map
U — X) subject to natural relations such as “adlog(a) is additive in a”, and
Ox(sw(y)) denotes the invertible Ox-module corresponding to the divisor sw(y).
In this case, E coincides with the support of the divisor sw(y). It can be shown
that the Og-module O ®g, 2% (log(D)) is locally free of rank (locally) dim(E) + 1.
If X is of finite type over Z, these sw(y) and rsw(y) have explicit descriptions in
terms of K-theoretic class field theory ([Kas] I). We say (X, U,y) is clean if at
any point x of E, the stalk of rsw(y) at x (which is always non-zero) is a part of
a basis of Or ®g, 2%(0g(D)) ®a, Ox(sw(x)) at x. If (X, U, y) is clean, we define
a cycle Char(X, U, y) on the vector bundle 0z ®0, 2%(log(D)) over E by

Char(X, U, %) = ), swp(x) Image(py),
P

where ¢, is the map O ®o, Ox(—sw(x)) = Or ®o, Q% (log(D)) induced by rsw(y),
and Image(p,) is regarded as a subbundle of O ®q, Q%(log(D)). In the clean
case, we define our generalization of the Swan conductor

C(Xs U: X) S CHO(E)

to be (—1)4™E) times the intersection class of the two cycles Char(X, U, y) and
the zero section of the vector bundle O ®¢, QX (log(D)). This Char(X, U, y) is an
analogue of the charateristic cycle in the theory of 2-modules.

Now without the condition (C), I conjecture that there exists a proper bira-
tional morphism f : X’ — X such that f~1(U) > U and (X’,f~1(U), ) is clean.
It can be proved ([Ka;] I) that if dim(X) < 2, this conjecture is true and

def

¢(X,U, ) = focX',f~(U), 1) € CHy(E)

is independent of the choice of such X’.
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Theorem 4.1, Let X be a proper normal surface over an algebraically closed field k,
U a regular dense open subscheme of X, ¢ a prime number different from char(k),
X miU) - F; a continuous homomorphism, and F the F;-sheaf on Uy of rank
one corresponding to y. Then,

X(Uag’—) = X(U,F—f) - deg(C(X: U, X)) .

Here x( ) denotes the Euler-Poincaré characteristic _,(—1)’ dimg, Hi().

This theorem was generalized by T. Saito [ST,] to the case dim(X) is arbitrary
under a certain assumption on ¥ .

The Riemann-Roch formula for the Euler-Poincaré characteristics of Z-adic
sheaves (¢ # characteristic), which should generalize the Grothendieck-Ogg-
Shafarevich formula on #-adic sheaves on curves to higher dimensional varieties,
was sought for first by Grothendieck. A formula in the characteristic zero case
was oblained by MacPherson [Ma]. In the positive characteristic case, results
for surfaces, of types different from (4.1), have been obtained by Deligne [De],
Laumon [Lau] (using ideas of Deligne), S. Saito [SS4]. Deligne is the first
person who had the idea of the characteristic cycle of an #-adic sheaf. Recently,
Berthelot obtained a Riemann-Roch formula for 2-modules with Frobenius in
characteristic p by defining the characteristic cycle of a 2-module with Frobenius
([Bey] basing on his theory [Be;]). There should be close relations between his
characteristic cycle, the characteristic cycle of Deligne, and the characteristic cycle
Char(X, U, x) discussed above.

Theorem 4.2. Let A be a complete discrete valuation ring with field of fractions k
and with perfect residue field F. Let X be a regular connected A-scheme which is
proper flat of relative dimension one over A, U a dense open subscheme of X =
X @k, let £ be a prime different from char(F), let y : n'j‘b(U) — F: be a continuous
homomorphism, and let F be the F4-sheaf of rank one on U corresponding 1o ¥ .
Assume x is at worst tamely ramified at points in X, — U. (This last condition is
satisfied automatically if char(k) = 0). Then

sW(RT (Uplet, #)) = sW(RT (Uplet, Fz)) + deg(e(X, U, 1)) -

Here sw(RI'( )) = Y;(~1)'sw(H'( )), with sw the Swan conductor of a
representation of Gal(k*P /k).

In [Bl,], Bloch obtained a formula which expresses sw(RI (Up)et, Fr)) in terms
of the differential module Q} /4

Finally we discuss a conjecture of Serre. Let B be a regular local ring and let
G be a finite subgroup of Aut(B). Assume that the following conditions (i)(ii) are
satisfied.

() For any o € G — {1}, B/I, is of finite length where 1, denotes the ideal of
B generated by {a(b) —b; b € B}.

(i) Let A={be B;a(b)=>b forany o € G}. Then, 4 is noetherian and
A/m4 — B/mp is an isomorphism (m. denote the maximal ideals).
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Define the function ag : G — Z by

ag(o) = —length(B/I,;) for o€ G— {1},

ag(l) =— Z ag(0).

oeG—{1}

If dim(B) = 1, ag is a character of a representation of G called Artin
representation. Serre conjectures that ag is a character of a representation of G
eveh when dim(B) > 1 ([Sey]).

Theorem 4.3. The conjecture is true if dim(B) = 2.

This theorem was proved in Kato, S. Saito, T. Saito [KSS] in the equal
characteristic case, and in T. Saito [ST;] in the mixed characteristic case under a
certain assumption.

The outline of the proof of (4.3) given in [Ka;] II is very similar to the proof
for the one dimensional case. It is sufficient to prove that if y is the character of
a representation of G, then

Card(G)™" ) ag(o)x(0) € Z.

oeG

By using the two dimensional version in Bloch [Bl;] of the formula (*) at the
bigining of §4 and by the theory of Brauer, just as in the one dimensional case,
we are reduced to the case y is of degree one. We may assume that A4 is complete,
A/my is perfect, and y is wildly ramified. Let X = Spec(4), E = Spec(4/m,) <
X and U = X — E. Then, we can prove .

Card(G)™ " ac(o)x(0) = 1+ deg(c(X, U, ) € Z
ceG

where deg is the canonical isomorphism CHy(E) — Z.
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